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ABSTRACT: Motivated by the possibility of formulating a strings/black hole correspondence
in AdS space, we extract the Hagedorn behavior of thermal AdSs bosonic string from 1-
loop partition function of SL(2, R) WZW model. We find that the Hagedorn temperature
is monotonically increasing as the AdS radius shrinks, reaches a maximum of order of
string scale set by the unitarity bound of the CFT for internal space. The resulting density
of states near the Hagedorn temperature resembles the form as for strings in flat space
and is dominated by the space-like long string configurations. We then argue a conjectured
strings/black hole correspondence in AdS space by applying the Hagedorn thermodynamics.
We find the size of the corresponding black hole is a function of the AdS radius. For large
AdS radius a black hole far bigger than the string scale will form. On the contrary, when
the AdS and string scales are comparable a string size black hole will form. We also
examine strings on BTZ background obtained through SL(2, Z) transformation. We find a
tachyonic divergence for a BTZ black hole of string scale size.
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1. Introduction

The critical behavior of string theory near the Hagedorn temperature is known to be
relevant to the strings/black hole correspondence [fl], fl]. Especially, the Hagedorn entropy
roughly matches the Bekenstein-Hawking one at the correspondence point, i.e. when the
Hagedorn and Hawking temperatures are of the same order. Moreover, the Hagedorn string
can be treated as a thermal scalar 3] due to the appearance of the Euclidean time-like unit-
winding tachyon [§-f]. The above results were done in the flat space. It is interesting to
understand the Hagedorn behavior in curved space where some intrinsic curvature scale
may play a role in understanding the o’ effect. Among these, the Anti-de Sitter (AdS)
Hagedorn string is the most interesting in light of the AdS/CFT correspondence.

At low energy, there is a Hawking-Page transition occurring at temperature Typ ~
1/laqs such that the thermal AdS space condenses to AdS-Schwarzschild black hole. The
Hawking-Page temperature Typ is far below the Hagedorn temperature 8;!. However, if
we superheat the AdS strings above Typ and approach 55!, we may wonder how the effect
of the curvature scale k = (Ixqg/ls)? comes into play and affects the Hagedorn behavior.
Naively, the AdS curvature scale provides a finite size effect of the ambient space, so that
one would like to see if the strings/black hole correspondence principle in flat space can be
generalized to the AdS case. To give some clue in answering this question, we will compare



the Hagedorn entropy and the Bekenstein-Hawking one in AdS space. We re-write the
Bekenstein-Hawking entropy of the AdS;ii-charged Schwarzschild black hole (d > 2) in
the following suggestive form

2
R S
d—2 d—212
SpH = 7 TiAdS BeuM, (1.1)

Lo e
AdS

where M and ry are the mass and size of horizon of the black hole. The inverse Hawking
temperature Opp and the chemical potential p conjugate to the charge @) are written
respectively as

47Tl/2xds7“+ B w1 @
(d—2)(1 = p?)I3 g +dr?’ . 2§

where wgy1 is a constant related to the Newton constant in d + 1 dimensions. Note that

(1.2)

BBH =

the pre-factor in front of Spy M in ([L.]) is always of order one for any value of 4 /laqs,
that includes the charged Schwarzschild for r /lpqs ~ 0. This suggests that the underlying

MM not as particle-like, i.e. p ~ M@ that yields

density of states takes the form as p ~ ef(M
S~InM.

Compare ([L.1) with the expected Hagedorn entropy of string
Sstring = ﬁs(kj)M, (13)

we may have strings/black hole correspondence whenever 55 ~ Bpg so that Spp ~ Sstring-
This then generalizes the strings/black hole correspondence in the flat space to AdS space
(see section [] for more arguments).

Similarly, for d = 2, the entropy of the BTZ black hole is

1— 2
oL — (laasp)

= M 1.4
Spu 1+(ZAdS,U)2BBH (1.4)

where the Hawking temperature and the chemical potential conjugate to the angular mo-
mentum J are

QWZidS 1
ri 1= (laasp)?’

OBH = M:4GNJ/T3_, (1.5)
respectively, where G is the Newton constant. This is also Hagedorn-like.

Motivated by the strings/black hole correspondence, it is interesting to explore the
Hagedorn behavior of AdS strings and extract the dependence of Hagedorn temperature
and the density of states on the AdS curvature scale. However, this is hard because
the AdS string theory usually has not been exactly solved. Despite that, in [{, [0 the
authors discuss the issue for AdSs case by approximate methods. They argue that the
FEuclidean AdS black hole can be thought as the condensation of the thermal scalar in
a compact space, which then have the Hagedorn-like density of states. More recently, a
nice paper [[I] in developing the techniques of re-summing the worldsheet diagrams of
the AdS string in the Hagedorn regime has been done by introducing the double scaling



limit, and the relation between Hagedorn behavior of AdS string and its dual Super-Yang-
Mills (SYM) theory is explicitly uncovered. Earlier discussions on the Hagedorn strings by
exploiting the Hagedorn behavior of the dual SYM theory [[J] can be found in [{3-[F].

Instead, in this work we will discuss the Hagedorn behavior of the bosonic string theory
on Euclidean AdS3 x M, which is exactly solvable [[[§] and whose 1-loop partition function
was given in [[7]. By directly studying the partition function, we can see how the curvature
scale k affects the Hagedorn behavior, and extract Hagedorn temperature and the density
of states. Our main result is following. The Hagedorn inverse temperature and the leading
behavior of the density of states of the Hagedorn string in the micro-canonical ensemble

are
2120/ (Ging + 1) k—9/4
s = = - = 4 lS _ 1
Bs = Bads 3 0 - (1.6)
and
eBaasE

respectively. In the above we have assumed ¢;y¢-dimensional “internal space” M is flat and
non-compact. An essential difference from the flat space string is the appearance of infinite
new long string degrees of freedom [[[f], [], and it is interesting to see how the Hagedorn
thermodynamics encodes these topological information as the case in flat space. Moreover,
for unitary internal CFT the value of k£ should be larger than 2 + 2% (> %). This implies
that the Hagedorn temperature cannot be infinite.

We will organize our paper as follows. In section 2 we will briefly review the path
integral formulation of thermal AdSs string theory, and set up our notations. In section 3,
we first discuss the pole structure of the integrand of the partition function in subsection
3.1. Due to the existence of the long string configuration spreading over the AdS space, the
pole structure is more complicated than the one for the flat space string. In subsection 3.2
we extract the Hagedorn temperature and the corresponding density of states. We obtain
the explicit k-dependence of the Hagedorn temperature, which is monotonically increasing
as the AdS curvature grows. Moreover, we can identify the contribution of the long string to
the Hagedorn spectrum. Based on the partition function in the Hagedorn regime obtained
in section 3, we discuss corresponding Hagedorn thermodynamics in section 4, which is in
close resemblance to the case in flat space. In section 5 we discuss some implication of
our results to a conjectured strings/black hole correspondence in AdS3 space. In [I9] some
aspects on the correspondence between strings in AdSs and BTZ black hole are uncovered
by taking a different approach in that the parameter k is varied. Instead here we examine
the theory by changing temperature 3~ with fixed k. In section 6, we investigate the
Hagedorn behavior of the strings in BTZ black hole by SL(2, Z) transformation acting on
the boundary torus of AdSs. In section 7 we briefly comment on the case with nonzero
chemical potential and conclude our work. In appendix we give a technical discussion about
the sub-dominant contribution to the Hagedorn partition function.



Noted added in proof. In the final stage of drafting this paper, we are informed a
related on-going work [Bg].!

2. AdS; string and its thermal partition function

The bosonic string theory in AdS3 space can be realized as a SL(2, R) WZW model and
is solvable. The spectra and 1-loop thermal partition function have been studied in [[[§]
and [[4] respectively. In these papers, it was pointed out that the complete string spectra
are generated by the spectral flow symmetry of the theory. Moreover, the continuous
branches of the spectra represent the long string states extending along the radial direction
to the AdS boundary. These long string spectra-flowed states appear as poles in the
partition function, which are absent in the flat space case.? These new poles will play an
essential role in the Hagedorn regime as will be shown.

We consider the string on AdSs x M, where an internal manifold M is described by
a sigma model that provides appropriate central charge. The worldsheet conformal field
theory contains three part, the one for AdSs, the one for M and the (b,c) ghosts. The
1-loop partition function has been studied in [I4]. Here we will review it and set up the
convention of the notations. We first consider the AdSs part and then combine the rest
twos.

The metric on Euclidian AdSs in the global coordinates (p,t,0), all of which are di-
mensionless, is

d 2

% = cosh? pdt? + dp? + sinh? pdb?, (2.1)
o

where k = [3 45/’ is a dimensionless number. It is convenient to use coordinates (V,V, ®)
defined as

V =Va'ksinhpe®®, V= Va/ksinhpe ™, & = Va'k(t — Incosh p), (2.2)

in which the metric becomes

ds® = do? + <dV + Lj;) (dV + Lj;) : (2.3)

This becomes the flat metric in the limit & — c0.? Thermal AdSs is defined by the following

identifications in the global coordinates
t+i0 ~t+i0 + B/Vd'k +iups, (2.4)

were ( is the inverse temperature of thermal AdSs and iy is the imaginary chemical po-
tential for the angular momentum. We impose the identifications

VaVer? VaVe ™ &~d+ 3. (2.5)

See also [@]

ZStrictly speaking, the poles exist at the boundary of moduli in the flat space case.
3In contrast, the metric in [@] does not reduce to flat space one in the limit k — oo. Their coordinates
are related to ours in (@) by an overall scaling by Vk.



The WZW action in these coordinates is

S = % /d% [acbacb + (ax‘/ + %) (av + 0‘%)} : (2.6)

Due to the identification (2.J), the boundary conditions on the worldsheet torus become
O(z+2m) =P(2)+ On, P(z+277) =P(2) + Bm,
V(z+2n) =V(2)e"™bB,  V(z+42r7) = V(z)e™Hb, (2.7)
where n,m € Z. As shown in [ by adopting the technique in dealing with path integral

of Hy WZW model [R{], one can exactly evaluate the partition function of the AdS sector,
and the result is

6(1 _ 2/k)1/2 Z 6—62|m—nT\2/47r04’72+27r(ImUn,m)2/7'2

Zaas (B, p57) = s [01(7, Unm) |2 ’

(2.8)
(n,m)#(0,0)

where

Upom(7) = % <\/LE - Wa) : (2.9)

and the theta function is defined as

o
D1(7,U) = 2¢"/8 sin(xU) H (1—¢™ = 2¢™) (1 — 2" 1¢™), (2.10)
m=1
where ¢ = €*™7 2 = €™V, Note that the (m,n) = (0,0)-sector is modular invariant

and corresponding to zero temperature contribution, therefore we can neglect it in our
discussion about Hagedorn behavior. Moreover, in (R.§) there is a shift 2/k in the overall
factor (1 — 2/k)Y/? due to the chiral anomaly arising in the integration of V and V. To
ensure reality of Zaq4g, we should require &k > 2. Here we also like to point out that only the
temperature direction has the momentum zero-mode whose (Gaussian) integration giving
rise to the factor (4m%a/m)~1/2 in (:§). The radial and angular directions do not have
such kind of zero-modes, thus provide no corresponding factor.
The ghost part contribution to the partition function is

Zon(r) = In()|* = (@@** [T (1 = g)I" (2.11)

n=1
We also have the contribution from the internal space which will depend on the type
of internal space. Moreover, there is constraint on the central charge ¢ of internal CFT,
that is, the central charge ¢,z should satisfy the anomaly free condition

CsL(2,R) T Cint = 26. (2.12)

Since the central charge for the AdS3 sector is cgp,2,r) = 3 + %, thus the central charge

of the internal CFT should be
1 -_— 23 . 2-13
Cint k‘ 9 ( )



For the internal CF'T to be unitary, we should require ¢y > 0, that is, we should constraint
k by a lower bound as following

6
k>kyo=2+—. 2.14
= Ko + 23 ( )
For simplicity and concreteness, we assume that the internal space M is flat and
non-compact and its corresponding CFT is described by cin; free bosons.* Therefore, the

corresponding partition function is

Zine(7) = (0) /2 Y D(h, h)q" 7" = Vi (4720 73) =/ 2y ()| =20 (2.15)
h,h

where Vi is the volume of the internal space. Here we also assume there is no non-trivial
cycle in M around which string can wind.

The total partition function is obtained by integrating the product of the above par-
tition functions over the fundamental region, i.e., Fy, that is

d%r
Z(B) = — Zgh Zint ZAdS
Fy 47'2

A2 B(l _ 2/]@1/2’77(7.)‘472cim o 6762|mfm-\2/47ra’7'2+27r(IH1Un,m)/2/7'2
-V i 2+

e /Fo 47y (47720/7'2)(cint+1)/2 n,m=—00 ‘791(7'7 Umm) ’2 ' 6)
where (n,m) # (0,0) in the sum is understood.

As shown in [R1, P, using the fact that (n,m) transforms as SL(2,Z) doublet, we
employ the SL(2,Z) transformation to map the fundamental domain into the strip R :
9 > 0,]|m1| < 1/2, so that we can keep only n = 0 term in the partition function, and
change the modular integration over Fjy to the one over R.

Moreover, in dilute gas approximation it is enough to consider only the single string
partition function which is given by m = +£1:

d*t |77(7')|4_26int e~ (1-2/k)B? /4mal
’ o 1_2k1/2/— ) 2.17
1(8) tB( /k) R 472 (4n2a/ 7o) (Cinet1)/2 9y (1, Up1)|? ( )
and the partition function of the string gas as follows (see e.g. [[0))
Z(B) ~ e, (2.18)

In the next section we will extract the Hagedorn behavior from this single string
partition function.

3. AdS; strings at Hagedorn temperature

In this section we would like to show the existence of the Hagedorn phase in AdSs space by
the saddle-point approximation, and then extract the density of states out of the partition

4One can consider more general types of CFTs for internal space, however, the detailed Hagedorn
thermodynamics will depend on the choice. We just choose the free boson for explicit calculations in the
later sections.



function, which is relevant in determining the Hagedorn thermodynamics. As for the flat
space string, these information are encoded in the UV/IR regime in the integrand of the
partition function over the strip domain R. However, as we will see that we have additional
poles in the moduli associated with the long strings than in the flat space, we need to check
if these poles make contribution to the Hagedorn density of states or not.

In the following we will set o/ = 12 = 1 for simplicity. This is equivalent to measure
the inverse temperature 8 by the unit string length [;. With this, recall that

Uos =22 P,
’ 2 27‘(\/% '

(3.1)

3.1 The location of poles

From the expression of the single string partition function (R.17), the poles of the integrand
are encoded in the zeros of ¥1(7,U). Especially, we are interested in the Hagedorn regime,
which turns out to be in the limit of 71,75 — 0. We will study the behavior of ¥ (7,U) and
extract the Hagedorn behavior. To this end, it is convenient to use a form after modular

transformation. The modular property of theta function® yields

s U2 U > Tir mi(r ) mi(r—U)
101(r, U)| = 27| 2|e~E e ™ sin <7T_> H(l—e*%)(l—e*“%’])(l_ef%) ‘
T r=1
(3.3)

We see that the theta function has infinite number of zeros which give rise to poles of the
partition function. We will investigate the locations of these poles over the strip domain.
Without loss of generality we require p > 0.

First of all, let us examine the poles coming from the zeros in the factors [[72 (1 —
e~2™"/7) (which is common in Zi, and Zgp). These poles also appear in the flat space
string. They locate on the m-axis as follows

T = —, 5=0 w=+1,4+2---, r=1,2,---. (3.4)
w

Here we should only include the poles inside the strip domain, i.e. 75 > 0, |71| < 1/2. As
will be shown later, the integrand for the partition function has the saddle-point located
at 71 = 0, which does not appear in (B.4). Therefore, these poles do not play essential role
at the Hagedorn regime.

Now we will consider the poles which are absent in the flat space string but arise here
due to the compactness of the AdS space. As shown in [[Ld, [l7] these additional poles are
associated with the long strings which transverse the AdS space. Let us examine the zeros
appear in the factors [[22 (1 — e 2™(r+U)/7). The exponents are

2mi(r+U) = # — (27r — pB) T — %7’1 -1 {(27?7“ —uB)m — %TQH . (3.5)

5Modular transformation is

N(r,U) = i(7i7)71/2 exp(fwiUQ/T)ﬂl(fl/T, U/r). (3.2)



To yield a zero in the factors, the real part has to vanish, i.e.,

n___ B g (3.6)

o (2rr — pBVE

which define “pole lines” of slope m5/7 labeled by r. The locations of poles on each pole
line are determined by the condition that the imaginary part of (B.5) should be 27w, w €
Z. Together with the condition (B.6), it is easy to see that the poles from the factor
[1°2, (1 — e 2™ +U)/7) are located at

r=1

1 1 g
=——27r — =—— =0,1,2,--- =1,2,---. 3.7
T1 271'?1}( r /’L/B)7 T2 2w \/E’ w 5 Ly 4y ) r ) 4y ( )
Again we should only include the poles inside the strip domain. For example, if ;1 = 0, the
w = 0 pole should be ruled out.
Similarly, we can read off the pole lines and the poles on them from the factors in

1%, (1 — e~ 27(r=U)/7)  The pole lines have the slope

r=1
T2 g
_ = s r = 1’ 27 LECI 3.8
T (2rr + pB)Vk 39
and the poles locate at
= (2mr + pp) __L s =0,1,2 =1,2 (3.9)
T1_27T’l,U wr no), T2_27T’LU\/E’ w=VUl, sz, ) r=1,4 . .

For p1 = 0 the w = 0 pole is outside the strip domain.

Finally, the sin factor has a pole line with slope

T2 1
== —— 3.10
T1 ,u\/E ( )
on which the poles are distributed as
1
—A B w—012-. (3.11)

- 2w’ 7= 21w /&’

For = 0, the poles are understood to be located on the positive m-axis, and w = 0 pole
is located at m = 0,79 = oc.

It is interesting to note that the pattern of the pole lines is invariant under » — r £+ 1,
this implies that it is enough to consider the range 0 < pf < 27. This is consistent with
our earlier requirement in (R.5) that u/3 is an angular parameter.

3.2 Evaluating the partition function

It will turn out that the information about the high temperature behavior of string is
encoded in the small 75 region in the moduli integral (R.17). The asymptotic behavior of
its integrand indeed depends on how it approaches the origin. We decompose the strip
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Figure 1: The pole structure of the integrand of the partition function. The strip domain R is
divided into many pairs of the nearly-triangular-strip sub-domains labeled by Aj.

domain R into pairs of the smaller nearly-triangular stripes in between the pole lines as
follows:

(=2r(s + )+ ub)WWk _ 71 _ (=27s +uf)vk

<1<

JAVRE

I} T2 B 7
WSE<(27(3+1)+/W)\/E, s=0,1,... (3.12)
ﬂ T2 B

where poles sit on the boundaries of each A;. The integration can be decomposed as

7= /d%--- (3.13)

and the partition function is also decomposed accordingly

) (3.14)

s=0

The integrand in each domain takes different asymptotic form. This integral is divergent
due to the poles in the integrand, so we should regularize it to apply a well-defined saddle
point approximation to extract the Hagedorn behavior. To do so, we formally remove the
neighborhood of the poles of the integrand in the 79 integral. The explicit form of the
regularized integral is in piecewise form as follows:

& . zm/_(w+6)
/O dTQ...:%;/ dry-e . (3.15)

27r\/_ (w+1 )




Later on we will see that these divergences from poles corresponds to the infinite warped

factor felt by the long strings at spatial infinity, thus is the IR divergence. Moreover, we

should point out that the form of the IR-regulator is not unique and here we choose the form
8.

for our own convenience. For example, another choice is [ 2’”‘“5/% dry ---. However, it

7+€
27 (w+1)Vk
is easy to convince oneself that the different choice of the IR-regulator will not affect the

leading contribution to the partition function, which is proportional to Ine.

Note the above prescription holds for any p. However, in the following we will set p to
zero for simplicity, and then evaluate the partition function for each domain Ag. Especially
we will try to extract its behavior near the Hagedorn regime. We evaluate the contribution
to the partition function from the sector Ay which turn out to dominate over the one from
Agzo near the Hagedorn temperature. In appendix we argue that the contribution from
A2 is sub-dominant.

3.2.1 Partition function from s = 0 sector

Now we will extract the Hagedorn behavior from the sector Ay which covers the m-axis and
a series of poles on it due to the sin factor in 91, i.e. 71 = 0,79 = ﬁ with w =0,1,---.
The contribution to the partition function from sector Ay is zg, near the origin 71, 75 ~

0 we can approximate zy by using the modular property

U
|191(7_’ U)| ~ 2|7_|—1/2 e—(U2+1/4)7TT2/|T‘2 sin <%> ‘ (316)

and s
[n(r)| = |r| 712, (3.17)

where we have used the fact that the factor 1 — e=2™"/7 goes to 1 as long as

2nv'k
@ = fixed < W—\/_, as 79 — 0. (3.18)

T2 g
We will see that the saddle point is located at 71 /72 = 0 and therefore the above constraint
is consistently satisfied.
The asymptotic behavior of the integrands Zaqs, Zins and Z,, are then approximated

as follows:
! (-5 72
_ (1-2/k)B2 w2k’ 2|r|2
z ~ ﬁ(l 2/k)2 T ) ’T‘e ? (3‘19)
AdS 2(47279)1/2 - apr |2
sin NCLE
Vint ] Cint T2
Zint WITI“”@ orlZ (3.20)
—27To
Zgp = || Ze ol (3.21)

Note that the leading exponent in (B.2() is universal for compact unitary CFTs by the
property of the modular invariance of the partition function [[[§]. Moreover, it is easy
to verify for oneself from the calculations below that the Hagedorn temperature will only

,10,



depend on this exponent and will be universal.® On the other hand, the other Hagedorn
thermodynamic quantities will depend on also the non-universal part of (B.20).
Under the above approximation, the partition function becomes

20(8) =~

Vine . i T dry B(1—2/k)Y? {_(1—2/1%2

lim —
2 0 8 1 ATo (4727 ) (Cine+1)/2 47T
=000 s g 472 (U T) 2

] I(m)  (3.22)

where

1/2 . 9 . 232 /g2
I(m2) == / dTl\T]cinrl‘ sin < 15T > ‘ exp [(clm +1— 357 /kn )W_Tg} . (3.23)
12 2vVk| 7|2 6 7]

Then we will evaluate the 7 integral with fixed 75 by the saddle-point approximation. Let

us introduce x := 71 /79, and we can write

1/27
I(mo) = T4 / dx exp(—G(z;72)) (3.24)
—1/27
where
Cint— 1 9 ) ( B(1 +ix) > 7(Cint + 1 — 36%/km?)
G(x;m) = ————— In(1+2°)+21n | sin ‘ — .(3.25
(72) () 2V k(1 +22) 675(1 + 22) (32
It is easy to see that
. (I —cit)r | 7(cme+1— 332 /kr?)x
G(wim) = 1+ 22 3m(1 + x2)?
B(1 +ix) ) g [—Qx(l +ix) i }
+ cot + +cc. (3.26
<2\/E7'2(1 +22)) 2Vkry | (1 +22)? 14 22 (3.26)

Though the expression (B.2) looks rather complicated, it is straightforward to find that
x = 0 is an extremal point such that G'(0; 2) = 0. Thus we have

o () o[ [

Note that as in the case of flat space the 1/7» factor in the exponential of (B.27) provides
the required form for the Hagedorn partition function when combining with the similar
factor in (B.22), but the additional dressing sin factor encodes the pole structure of the
partition function rendering the discrete Hagedorn spectrum, which is different from the

I(7g) ~ Tyt

case in flat space.
Furthermore, to ensure that z = 0 is a stable saddle point we should require

N _ﬁ B 8 _ B/ ks
G"(0;m2)=1 C1nt+37_2 (Clnt—i-l > 2\/%7’2 [4C0t (2\/@7’2) SiHQ(ﬂ/Q\/ETQ)

km?
(3.28)

%We thank the authors in [@] for pointing this out.
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Since G”(0; 72) is positive only for small 75, we need to impose a lower bound wpy,y, in the
w-summation of (B.29) or equivalently an upper bound 73** in the 7, integration, so that

G"(0,73") =0 (3.29)
then
w™(B) =1+ P (3.30)
27TT§naX\/E
where [---] is the Gauss’s symbol. This then excludes the w = 0 mode which locates at

Ty = 00, thus wmin > 1.

Numerically we find that there are two more unstable extremal points other than
xz = 0. However, in the 79 — 0 limit, i.e. the Hagedorn regime, they are sub-dominant
in the partition function as compared with the contribution from x = 0. This is similar
to the flat space string in which the subdominant saddle points give only power law of
for the corresponding I(7), thus it is not compatible with the exponential blow-up of the
Hagedorn spectrum.

The partition function can then be put into a form which highlights the Hagedorn
behavior as follows

B 1
VieB(1 = 2/k)"% S~ [mVEGE ) (ueay2 | 2w
W=Wmin 2‘rr\/E (’LU‘FI*C)
_92 2 _ 32
sin <2\/_7' > ‘ exp [—ﬁTEde] , (3.31)
2

where

cm +1) k—9/4
Bads = \/ : _é (3.32)

Recall that we have set o/ = 1. The exponent factor in (B.31]) takes the standard form
of the Hagedorn spectrum, namely, it is suppressed as 7o — 0 if 3 > [Baqs, we can then
identify Baqs as the inverse Hagedorn temperature of string theory in AdSz x M.” This
Hagedorn temperature is universal for compact internal unitary CFTs.

The result shows that the Hagedorn temperature is monotonically decreasing as k
grows. In the large k£ limit this becomes the Hagedorn temperature in the flat space, as it
should be. In the small k regime the o/ effect on the background is important since the
AdS curvature scale is large. We find that there is a lower bound for k, i.e. £ > 9/4 in
order to have Hagedorn behavior occurring at finite critical temperature 1/8aq4s, otherwise
ﬂ/%ds is negative. It is interesting to see that ko ~ 2.26 in (P.14) for unitary internal CFT
is slightly larger than 9/4. This means that the Hagedorn temperature cannot be infinite
if the internal CFT is unitary. The maximal Hagedorn temperature is about 0.388 I;! at
k= ko.

"For similar arguments on the effect of background fields on the Hagedorn temperature, see e.g. [@, @]
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In summary, though the inverse Hagedorn temperature in AdS3 depends on k, it is of
order of the string scale for all physical values of k consistent with the unitarity constraint
of the internal CFT.

Furthermore we can approximate (B.2§) in the region where 75 is very small, and the
result is®

"0, ~ B/2\/E7—2 i
G"(0;75) ~ 2 Lin(ﬁﬂ \/%)] . (3.34)

The partition function then becomes

5 _ P —BRas
\/E‘/int(k: — 2)1/2 = 2mVie (wie) (Cintfl)/2 eXp |: 47”2 -

lim ToTs .
1 : 8
St (2\/Erz> ‘

4(47T2)(Cint+1)/2 e—0
It is convenient to change the variable by introducing y := 3/ 21V ko so that the poles due

20(8) =~ (3.35)

W=Wmin = 27xvk (w+1—¢)

to the sin factor locate at y = w, w = Wmin, Wmin + 1, -+, which is now excluded from the
integration by the cut-off. The partition function becomes

in -2 1/2

2= A(4n?) e+ 1)/2 2o

2 22
oo w+l—€ dy Jé; (cint+1)/2 exp [—%\/Ey
i /w+e y <2m/Ey> | sin (my) |

(3.36)
From this, we can formally read off the (single-string) density of state of the Hagedorn
spectrum for the thermal AdSs string when § ~ [Baqs as follows

E\ -1
sin (W—> ‘ ePaast (3.37)
vk

Compare with the flat space Hagedorn density of states, there is an additional sin factor in

_ Cint+3

padss(E) ~ E~ 72

pAdss which renders infinite number of poles in it. From the spectrum analysis done in [[[7],
we know that these poles are related to the long string configurations which are absent in
flat space. The divergences associated with these poles are nothing but the infinite AdSs
warped factor at spatial infinity felt by the space-like long strings, which corresponds to
the infinite AdS3 volume. Note that the IR divergence of the flat space string is explicitly
represented by the zero modes in the path-integral. On the contrary, in AdS space the zero
modes are not explicit in the WZW model formulation due to the lack of the translational
invariance in the radial direction, and we need to extract the IR divergence corresponding
to the infinite AdS volume by manipulating the integration over poles in (B.34).

It is obvious that the main contribution in each integration in (B.3€) is given at the
end points of the integration and it behaves as In € which relates to the aforementioned IR

8However, this is not the leading contribution when we consider the flat limit & — co. The leading
behavior in the limit is given by

10iry) = T (e 41— 35
G (01 7-2) —= 37 (Cmt +1 k)ﬂ'Q) . (333)
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divergence in the partition function. To see this explicitly, we expand the sin factor around
y = w with new integration variable t = y — w:

|sin (m(w +t)) | = |(=1)“mt +---|. (3.38)

Therefore we can extract the divergence of the partition function as

iy (/" e+ o) Yo+ 0~ g (e e 039

where

_ _ (cint+1)/2 —
Vi (k 2)1/2< B > exp [_m\/@} (3.40)

Y (y) =
() 4(4m?) (e tD/2y \ 97\/ky 20
which has no singularity at y = w. In this way, we can extract the IR divergence in the
partition function as

Cintgt1

ne|Vie(k—2)Y2 /8 \ 2 S s B°— 053
z20(0) = 2t\/7—T (8773\/E> Z w2 exp [— T/*C‘S’\/Ew}i—O(eo).

W=Wmin

(3.41)

We now have a discrete spectrum after extracting the IR divergence. In fact, the
discrete spectrum can be interpreted as the long strings as follows. Near the Hagedorn
temperature, we have

5% = B* — BRas ~ 26aas(B — Baas)- (3.42)

We can introduce a parameter p so that we can rewrite (B.41]) in to the following form by
neglecting the overall factor

zo(ﬁ) ~ / dpzwi(clnt+4)/2ei(ﬁ7ﬁAdS)E (3.43)

—00 w

where

E = (w + i—i) V. (3.44)

This is nothing but a piece of the long strings’ spectrum considered in [lf, [4] and p can
be interpreted as the momentum along the radial direction for the long strings.’ This
supports our interpretation of the IR divergence as the AdS volume felt by the long string
at spatial infinity due to the fact that they can be at any radial position.

On the other hand, as 3 ~ Baqs we can also convert the discrete sum into a continuum
one by introducing the scaling parameter u := wé3? so that

> - 1 [
= 0632 = — du. 3.45

9The additional vk factor in (B.44) is due to our different normalization in @) from the one in [@, @]
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In this way, we can carry out the sum/integral to get

Cintt+1
_ | me[Vius(k — 2)'/? ( Baas(8—Paas) : pf _ Gmtl
N 83 2

20(8) <ﬁ—@mgv%wm4ﬁ0,

(3.46)

where I'(a, ) := f;o t¢~le~tdt is the incomplete gamma function.
Though wpi, is a function of 8 which may complicates thermodynamics, at Hagedorn
regime one has

wwin(ﬁ) ~ wmin(ﬂAdS) (347)

which is nothing but a number and will not affect the Hagedorn critical behavior. Moreover,

max

as B ~ [Bads the wpip-determining equation (B.29) can be solved for 75** and wpyiy. It is

easy to verify that wpi, = 1 for kg < k < oo for which there exists the Hagedorn divergence.

4. Thermodynamics of hagedorn AdS; strings

Summarizing the results in the previous sections, the main contribution to the partition
function in the Hagedorn regime is from the s = 0 sector, which encodes the long string
spectrum in the density of states. The asymptotic behavior of the resulting single-string
partition function is

_ Y B 1+ .
20(3) = |In E\th(k 2" <6Ads(ﬁ ﬁAdS)) T (—cmt +1

2/ g 5 (B~ ﬁAdS)\/Ewmin> :
(4.1)
Note that wpi, = 1 as just mentioned.
If we assume the single string dominance and Bose statistics of the string gas, the free
energy Fags(B) of the multi-string gas is nothing but
FAdS = —%an ~ —%ZO (4.2)
where Z is the multi-string partition function given in (R.1§). From this, we can extract
the thermodynamics of the Hagedorn string gas in AdSs.
Before we discuss the thermodynamic quantities of AdS strings from the free energy,
it is interesting to compare the form of (f.1]) and (f.2) with the one for thermal bosonic

string on S x R? [RF], namely,

8P = ~CVi(3 = )21 (= 5. (5 = ) (4.3

where C is some constant and d is the number of non-compact dimensions, i.e. neglecting
the winding modes. We see that Faqs and Fj,y have the same critical behavior and sin-
gular structure except that the infrared cutoff mg in the flat space is replaced by vkwWmin.
Therefore, the parameter wpyi, = 1 plays the role of the infrared cutoff in the AdS space,
which cannot be taken to zero.
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Based on the above similarity, we can separate the singular and regular parts of the free
energy and extract the critical behavior of the free energy as in the flat space string 25, €],
and the result is

BFpas ~ —h(B)(B — Baas) /2 + regular part (4.4)
where .
8) = (Y (5 1) (- paVE (05)
for (cint +1)/2 is integer, and
h(B) = (—1)%/2C'Viy | In €T (% + 1) - (4.6)

for (cint +1)/2 is non-integer.

From ([.4) we can derive the other thermodynamic quantities in either canonical en-
semble or micro-canonical ensemble, for the later we need to evaluate the density of states
by the inverse Laplace transform of the multi-string partition function, i.e.,

L+ico dﬁ 55
QFE) = —e’"Z 4.7
)= [ e a) (4.7
where the contour (denoted by L) is chosen to be to the right of all singularities of Z(5) in
the complex 3 plane. Following , 25 , the resulting density of state for ¢jy +1 > 3 is

eBaasE+yoV

QE) = CV pamimy (

1+ O(1/E)) (4.8)
and the entropy is
S =InQ(FE) = faasE + ngV + sub-leading terms (4.9)

where V is the volume of the ¢jpt+1 “non-compact” dimensions, and vy and ny; are constant
of order lginﬁ'l. For 0 < ¢ipt + 1 < 3, the density of states is more complicated and the
details can be found in [RH, R]. Moreover, the specific heat evaluated from ([.§) is negative
and divergent at Hegedorn temperature. This implies that the Hagedorn thermodynamics
is not well-defined, and one should compactify the ¢;,t —dimensional internal space because
the compactification will introduce the sub-leading Hagedorn singularities then make the
thermodynamic ensembles well-defined. For more discussions on the related issues, see e.g.
B, PJ-R7], and Pg] provides an example for explicit calculation.

Another interesting point about the Hagedorn thermodynamics is how it encodes the
topological information of the underlying spacetime [§, Pq]. More precisely, the number
of non-compact dimensions of the underlying spacetime (in the sense of neglecting the
corresponding winding modes) is encoded in the critical exponent of the free energy as
shown in (f.3) and (£.4). In the AdS case, we see that the number of “non-compact
dimensions” encoded in (f.4) is ¢y + 1 in analogue to number d appearing in ([£.J) for
the flat space string. The appearance of ¢, is because we have assumed the internal
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space to be non-compact with the translational zero-modes encoded in the exponent of the
corresponding partition function (R.15). Then one will wonder what does the extra one
correspond to? We think it should correspond to the radial direction of the AdSs and the
reason is as follows: Recall that in the AdS partition function (P.§), there is no zero-mode
associated with the radial and angular directions as can be read from the exponent of 7
in (B.§). However, we see that in the Hagedorn regime the long string degrees of freedoms
appear in the spectrum (B.44) extracted from the Hagedorn partition function (3.41]), where
the parameter p in (B.44) is the zero-mode associated with the momentum along the radial
direction. The appearance of the finite energy space-like long strings (B.44) is due to the
balance of the string tension and NS-NS B field near the AdS boundary [[Lf], this makes
the radial direction effectively non-compact for the Hagedorn long strings.

5. Strings/black hole correspondence principle in AdS

In formulating the strings/black hole correspondence in flat space, we expect that the
correspondence point happens as the size of black hole is of order of the string scale [l P,
and the Hagedorn entropy of the free thermal strings and the Bekenstein-Hawking entropy
of black hole match up to a factor of order unity. However, without taking into account of
the string interaction, highly exited thus widely spreading string configurations dominate
at Hagedorn regime so that it is incompatible with the Hoop conjecture of black hole
formation, thus one should take into account of shrinking of the string due to the self-
interactions [BO], Bl]. We may think that the Jeans instability of the Hagedorn strings [f]
will induce a formation of black hole, with its Hawking temperature equals to the Hagedorn
temperature so that the entropies match. However we regard whether the entropy of self
interacting string remains the same as that of the free string is an open problem. In [R9],
an alternative interpretation without invoking the self-interaction has been proposed as
follows: the thermal string is considered to be the stretched horizon of the black hole after
tachyon condensation.!” At the correspondence point where the Hawking temperature and
the Hagedorn one match, the size of the stretched horizon spreads almost all over the
space other than a small region around the vicinity of black hole which has a small size
comparable to the string scale. Therefore, the black hole is indistinguishable from the gas
of strings and the entropy of thermal strings explains the black hole entropy.

Following the discussions in flat space, it is tempting to formulate a strings/black hole
correspondence in AdS space by disregarding the dynamical issues discussed in [Bd, BI].
We can then assume that the strings/black hole correspondence in AdS space happens
when the Hagedorn temperature is of order of the Hawking temperature. It will be fulfilled
automatically that the Hagedorn entropy becomes of order of the Bekenstein-Hawking
entropy if the above condition holds, as can be seen from our discussions in the Introduction.
Since the stable AdS black hole has positive specific heat, that is, the larger black hole
has higher Hakwing temperature. Then, the correspondence principle implies that the

0Before the condensation the local temperature on the region of the stretched horizon is above the
Hagedorn temperature and the thermal tachyon develops.
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Figure 2: The black hole inverse temperature as a function of Schwarzschild radius in d > 2. For
d > 2 there are two solutions which correspond to the small and the large black hole. In d = 2,
there is no solution corresponding to the small black hole. There is only a large (BTZ) black hole
solution.

Hagedorn strings in AdS will condense into the black hole with the size far larger than the
string scale and keeping their entropy. This is quite different from the flat space case.

On the other hand, we have obtained the Hagedorn temperature of strings in AdSs,
which has a nontrivial dependence on the AdS curvature scale k. This k-dependence is
new to the flat space Hagedorn temperature. It is then interesting to see the implication
of this k-dependence to the above conjectured correspondence principle.

First of all, we briefly recall the AdS Schwarzschild black hole in d + 1 dimensions
(d >2) [[d, §. The metric of the black hole for d > 2 is given as

ds* = f(r)d®r + f 1 (r)d®r + r*dQ? (5.1)

where f(r) = 1+r2/lids—wd+1M/rd*2 with wgy1 = 167G gy1/(d—1)Q4_1 and G441 is the
Newton constant in d+1 dimensions and ;41 is the volume of unit (d—1)-sphere. One may
immediately read off its inverse Hawking temperature as a function of the Schwarzschild
radius r4 which is the largest solution of f(r) = 0:

4rr 1
Bpi(ry) = —— ot (5.2)
d—2 1+ _d_ 3
d—2 l?\dS

We plot this function in figure Pl Obviously, the black hole solutions exist only above
the critical temperature 3.1 = \/d(d — 2)/2mlaqs. Below this temperature only thermal
AdS space can exist. However, if the temperature is above the critical one there exist
two black hole solutions. One is a small black hole which would reduce to an ordinary
Schwarzschild black hole in the limit [aqg — oco. It has negative specific heat and thus
is unstable. Another is a large black hole which is the characteristic one in the AdS
space. This has positive specific heat and is stable (eternal black hole). Moreover, at the
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Figure 3: r; /I v.s. k at the correspondence point.

temperature 6&113 = (d—1)/2mlaqs the saddle point of large black hole becomes comparable
to that of the thermal AdS space and above the temperature it dominates the path integral.
This is the Hawking-Page transition from thermal AdS to Schwarzschild black hole phase.
It should be noted that the two types of black hole solution exist only for d > 2. For d = 2,
we would like to emphasize that 5.1 = 0, there is no small black hole saddle point, only
BTZ black hole solution exists at any temperature B3, BJ]. This may be seen easily by
taking d — 2 limit in figure [.

Let us now apply the strings/black hole correspondence to the Hagedorn strings in
AdS space. As stated earlier, if we define the correspondence point at which the Hawking
and Hagedorn temperatures match, i.e., Spm(ry) = (s, then the entropies of both sides
coincide if string entropy is given by ;M. Accordingly, we can determine the size of the
corresponding black hole at the correspondence point. In flat space, the correspondence
principle yields a black hole of string scale. However, in the AdS case there are two types of
black holes to which strings can correspond when we specify the string temperature. This
can be easily seen from (f.9) by assuming either ry < lags or 74 > laqs. Upon imposing
the correspondence condition Spp(ry) = B, for ry < laqs (small black hole with negative
specific heat) we get

d—2 dd—2) ,
~ 2725 (14 ) Iads, .
Ty ——F0 ( + (47TlAdS)2ﬁs> < lads (5.3)

and for ry > [xgs (large black hole with positive specific heat) we have

47 lids
Ty — =
T d B,

which implies [aqs > (5. We see that in both cases, we have

Iadas > [s. (5.5)
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This can be seen as a prediction of the correspondence principle in AdS space in the two
extreme cases we have explained above even without knowing the detailed k-dependence
of Bs. Moreover, based on the semi-classical gravity the large black hole is more favored
than the small one [[i, f, so we may expect the thermal Hagedorn strings will dynamically
condensed into a large black hole.

The validity and the outcome of the above argument will depend on the explicit k-
dependence of the Hagedorn inverse temperature §s; which is unknown other than d = 2
case obtained in this paper. Therefore, we apply our result to the correspondence in AdSs
space (d = 2): Even though the metric in d = 2 case is slightly different from (p.7]), the

temperature-radius relation (f.J) still holds and we have

273 4 _ 27kl2

T4+ T4+

BBrz = (5.6)

where recall k = (Iaqs/ls)?. Using (B.33) and (F.6)), the correspondence condition Sgryz =

BAdS yields
re K J kz2
Iy, 2\ k—9/4 (5.7)

This relation is plotted in figure [J. It is interesting to see that there is a minimum size of
BTZ/string state with ry(k)/ls ~ 1.69 if k = (35 +1/73)/16 ~ 2.72, however, we do not
have a physical understanding for such the minimum.

Obviously, for large k the size of the BTZ black hole at the correspondence point
is far larger than the AdS as well as the string scale. This is in contrast to the case
for the small black hole in AdS or flat space higher than the three dimensions, in which
the corresponding black hole has a size comparable to the string scale. In the limit of
k — oo the Hagedorn temperature reduces to that of the string in the flat space but the
corresponding black hole has infinite size and is no longer the solution of Einstein equation.
We only have the thermal flat space as a solution. For the case that k is infinitely large but
still finite, the space becomes almost flat but still we have a large black hole phase. This
phase might be the end point of catastrophic Hagedorn divergence through the thermal

tachyon condensation in almost flat space.

On the other hand, for small k close to kg ~ 2.26, i.e., its minimum value for unitary
internal CFT, the size of black hole grows again and reach a size of r /I ~ 5.51 at k = ko.
It is interesting to see that there is the ultimate black hole size at very stringy regime
implied by the unitarity of the internal CEF'T. If there is no such a unitary constraint, then
k can reach 9/4 which will result in a infinite size black hole.

In summary, the dependence on k of our Hagedorn temperature implies that the con-
jectured strings/black hole correspondence in AdSs space will yield a black hole of stringy
size when AdS radius is of the order of the string scale, but yield a black hole with large

size when AdS radius is far larger than the string scale.
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Figure 4: The inverse temperature-radius relation for BTZ black hole.

6. Strings on BTZ

In this section, we consider the string theory on BTZ black hole background, which is
obtained from the one on thermal AdSs through the SL(2, Z) transformation on the moduli
parameter of the boundary torus [B4] (see BJ] for a review). According to this relation, the
thermal and angular directions interchange their roles under the SL(2, Z) transformation,
e.g., the thermal winding modes of string in AdS3 will become the angular winding modes of
string in BTZ. Thus we obtain a part of the partition function of strings on BTZ. Here the
resulting partition function does not contain the winding modes in the thermal direction
thus it may not describe whole degrees of freedom on the BTZ. However, one can expect
it still captures some part of the physics on it, as we will see shortly.

The moduli parameters for both sides are given

i3 iBpTZ

TAdS = — = TBTZ = 6.1
21vk 2nvk (6.1)
respectively, and they are related through the modular transformation as 7 = —1/7m7y
then we have a relation between the inverse temperatures of strings in AdSs and on BTZ
as follows
47’k
BBTZ = 5 (6.2)

Thus we obtain the partition function of strings on BTZ. Here we denote only on the part
relevant to Hagedorn divergence which is given

(6.3)

(ZMTQk/BBTZ)2 - ﬁ/%dS) .

4179

zp17(BBTZ) ~ /dTQ"'GXP <—
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It should be noted that the exponential factor is originated from the winding modes along
not the thermal but the angular direction. This becomes diverge when

471'2]{3 H
BpTZ > = Oty (6.4)
Bads
This is the Hagedorn'! inverse temperature of the strings on BTZ. It is interesting to see

that the string ensemble goes to diverge when the temperature is lower than the ( gf}gz)_l as

opposed to the ordinary case. This simply implies that BTZ black hole of low temperature
is unstable due to the existence of stringy winding tachyon, even though it has a positive
specific heat as implied by the gravity approximation. We can estimate, by noting (f.4),
the size of the BTZ black hole at the Hagedorn temperature as (see figure [i.)

Pl = % (6.5)
The BTZ black hole smaller than this minimal size has a stringy halo in that the tachyon
associated with the angular winding modes develops. As noted before, Saqs is of string
scale so is the rimm). This indicates the stringy o/ correction to the gravity approximation
makes the string size BTZ black hole unstable, as one will expect for string theory to be a
theory of quantum gravity.
As we mentioned above our thermal partition function on BTZ is not a complete one.
A piece of evidence for this is the partition function (f.J) near the Hagedorn temperature
behaves as

217 (OBTZ) ~ /dE...e(ﬁBTzﬁgf}gz)E (66)

which has wrong Boltzmann weight, i.e. normally it should be e ?8T2F  and leads to
pathological canonical ensemble entropy and micro-canonical ensemble density of states.!?
Thus though we have obtained a criterion about the minimal size of the stable BTZ black
hole background based on (f.4), we do not exclude a possibility that there is another
Hagedorn temperature which gives rise to the thermal Hagedorn divergence to the BTZ
partition function far above the temperature ( g:}gz)q. If this turns out to be the case,
even a large black hole which is considered to be a final phase at high temperature as we

argued before might not the ultimate one.

7. Comments and conclusion

We would like to comment on the case with non-zero chemical potential u. One may wonder
if we can generalize the above treatment for u = 0 case to the p # 0 one. It turns out the
integrand in the partition function after taking the 75 — 0 limit is still too complicated to
perform the necessary saddle-point approximation. Here we only give the partial result for
the partition function in s = 0 sector, i.e., zg.

1YWe use the term Hagedorn here because the divergence in (@) bears the Hagedorn form, it should be
distinguished from the thermal Hagedorn divergence.

1275 figure out the micro-canonical ensemble density of states, one should correctly specify the contour
direction for the inverse Laplace transform (@) The result is negative and thus pathological.
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Similar to the u = 0 case, after some analysis on the asymptotic behaviors of the
factors in the theta function near the origin, we have

Vin d*r 1—2/k)Y/? o1l . TUT\ |—2
20(B) ~ t/A — B /k) | 7| Cint 1‘sm< >‘

2 o 47’2 (47727-2)(Cint+1)/2 |’T|2

(cint + V)72 (1 —2/k)3? 32 5 1 2um
o | S - E T (- 1) - 2] o

Unlike the 1 = 0 case, we can not solve the saddle-point equation in closed form, therefore,

it is hard to extract the Hagedorn density of states in this case. However, the critical
temperature is supposed to be read off from the exponential term by substituting 71 /7 =
uV'k, i.e., the “pole line” of the s = 0 sector, and the result is

272 (Cint, + 1) Bads

ﬂAdS,u: 3(1 + p2k) - /714'#2]‘5

where [Baqs is the Hagedorn inverse temperature without chemical potential found before.

(7.2)

It is interesting to see that the Hagedorn temperature increases as the chemical potential
increases. We think this result is acceptable because number of state decreases if we fix
angular momentum of system. Then higher temperature than ﬂgdls may be required to get
sufficiently large number of states to realize the Hagedorn behavior.

It should be emphasized that we have to justify whether Saqs, is actual Hagedorn
temperature in g # 0 case or not. One might wonder that if other pole lines or inside
region of Ay gives Hagedorn behavior at some temperature lower than 8445, This is an
interesting question and we leave it as an open problem.

In summary, we have extracted the Hagedorn behavior of thermal AdSs string from
the exact 1-loop partition function. We find that there exists a non-trivial Hagedorn tem-
perature given in (B.32) which depends on the AdS radius scale. Besides, the corresponding
canonical free energy and micro-canonical density of states resemble the ones for the flat
space Hagedorn string with c¢iyt + 1 non-compact dimensions. We also argue that the extra
non-compact dimension encoded in the Hagedorn thermodynamics is the radial direction of
AdS. The main technical and conceptual difficulties in deriving our results are the presences
of the space-like long string configurations. In resolving these difficulties we have carefully
taken care of the IR divergence and the extract the Hagedorn behavior by a well-defined
saddle point approximation. Our results have some implication to the formulation of a
correspondence principle for the formation of BTZ black hole from Hagedorn AdS strings.
In contrast to the stringy size black hole formation from flat space Hagedorn strings, we
find that the size of the condensed black hole could be large compared to the string scale
if the AdS radius is large compared to the string scale. However, when the AdS radius is
of order of the string scale we find that the corresponding black hole has a maximal size
of order of the string scale due to the unitarity constraint for internal CFT. We do not
know at this moment if this fact is implied by some deep truth for string theory at string
scale and it deserves further study. We also examine strings on BTZ background obtained
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through SL(2,Z) transformation on the boundary torus of AdSs;. We find a tachyonic
divergence when a BTZ black hole is of order of the string scale and it provides a mini-
mal size for stable BTZ black hole by taking into account the o’ correction to the gravity
approximation.

We hope our results will be helpful to understand the nature of the Hagedorn thermo-
dynamics of string theory in the generic gravitational backgrounds.
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A. Sub-dominant contribution form s # 0 sectors

Unlike the flat string case, here we have infinite number of pole lines inside the strip
domain R. To capture the full Hagedorn thermodynamics of the AdSs string, we need to
evaluate the contribution of these s # 0 pole lines to the partition function in each sub-
strip Agzo. Especially, we would like to examine the asymptotic behavior of each factor
in [9(r,i3/2nVk)|? given in (B-3) at 75 — 0 near small 71,7 region, also near the zeros of
this function.

As argued in discussing the s = 0 sector, the factor (1 — e=27/7) in |9(r,i3/2xVE)|?
goes to 1 in the small 71, 75 region. And in this region the sin factor behaves as

L (TUTN | Bl
sin <W> ‘ ~ exp <2\/E|7’|2> . (A1)

The asymptotic behaviors of these two factors are independent of s, the remaining two
factors in (B.3) are not.

The exponents of the other two factors [[02,(1 — e 2™ +U)/7) and [[°2,(1 —
e 2mr=U)/7y in (B3) are

() e R e

In the above, the upper-sign part corresponds to the first factor, and the lower-sign one
to the second factor. Inside the sub-strip A,y defined in (B.13), the real part in (A.39) is
constrained by

on(s + 14+ 1)k - _27T7“\/E T on(s +r)Vk

- - A.
E iomsT 8 —
2r(s — r)Vk _QWT\/E T_ 2m(s+1-— rVk
3 < 3 + ™ < 3 . (A4)

— 24 —



From (A.3), we see that the real part is negative for all r such that the factor [[52,(1 —
e~ 2mr+U)/7) goes to 1 at 79 — 0. However, from ([A-4) we see that the real part is negative
for r > s and is positive for r < s, so that at 75 — 0 J[72, (1 - e~ 2mir=U)/7) 1 and

~ ‘ﬁe—Zwi(r—U)/T _
r=1

Finally, for 7 = s there are infinite number of poles lying on the boundary of the sub-strip,

eﬁ (727rs(371)rg+2(sf1)%> .

s—1
‘ H(l _ e—27ri(7"—U)/T) (A5)
r=1

therefore we just do not further simplify it. Combined all the above, the theta function in
the small 7 region inside the sub-strip Ag~¢ behaves like

1 2 g .
[01(7, U)| == ||~/ exp [2‘7_’2 {(i—k —5 27ms(s — 1)> T2+ (25 — 1)%}}

x‘ <1 — exp [# [—%m + % _ (277571 + %)”) ‘ (A.6)

Thus we have for s > 1
drdfs B(1— 2//<:)1/27°cim*1 g(0s)
s ~ 2 in . N
zs(83) Vint /As Asin O (427 sin 93)(cim+1)/2 exp
0 cos Oy

x‘ <1—exp [% [—27Tssin95:|: = —i(ZwscosHs:I:ﬁS\i/r;S)”) (72 (A7)

where
k — 2 cos? 0, 25 — 1)| cos b Cint + 1+ 12s(s — 1)) sin 6,
47k sin 0 Vk 6
Here we have changed to the polar coordinate by defining
71 = rcos s, To = rsinf;. (A.9)

In performing the integration of 6, the contribution from the boundary would dominate
the integral, thus we may regard it as a sharp saddle-point. In fact, it would give large con-
tributions since it contained infinitely many poles before the regularization. The boundary
of the sub-strip Ay is located at 6, = 0, with

B
271'8\/%.

By setting 05 to 0 in ([A.f) just to extract the large boundary contribution, we have
Vint / dr = B(1 —2/k)1/2pem—1 9(05)
A r

2 . 4sin O (427 sin ) (Cin+1)/2

x‘ (1 _exp [—% <27Tscos g, + ﬁL\/n;sﬂ) (72, (A.11)

o) — L=
N

(A.10)

tan 9_5 =

zs(B) =~

exp [

where

(A.12)
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with

6% = 4n? <M - k52> . (A.13)
k—2

If we interpret 1/r as the energy, then we can extract the density of states from (A.11]) and
examine the possible Hagedorn behavior. Note that the second line in (JA.11)) contains the
regularized poles but shows no exponential behavior for Hagedorn density of states. These
poles can be understood as the long sting configurations discussed in [if], [7]. Instead, the
Hagedorn behavior is encoded in the factor exp [@
zero as can be easily seen. In fact, it becomes zero only when k = 3,s = 1. Therefore, we

}. However, 32 is always negative or
conclude that there is no Hagedorn behavior in the sectors A;.o. That is, the A,—g sector

dominates the Hagedorn behavior over the others, and we need to only consider this sector
when discussing the Hagedorn thermodynamics.
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